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Universal multiport interferometers, which can be programmed to implement any linear transfor-
mation between multiple channels, are emerging as a powerful tool for both classical and quantum
photonics. These interferometers are typically composed of a regular mesh of beam splitters and
phase shifters, allowing for straightforward fabrication using integrated photonic architectures and
ready scalability. The current, standard design for universal multiport interferometers is based on
work by Reck et al (Phys. Rev. Lett. 73, 58, 1994). We demonstrate a new design for universal
multiport interferometers based on an alternative arrangement of beam splitters and phase shifters,
which outperforms that by Reck et al. Our design occupies half the physical footprint of the Reck
design and is significantly more robust to optical losses.
Reconfigurable universal multiport interferometers,
which can implement any linear transformation between
several optical channels, are emerging as a powerful tool
for fields such as microwave photonics [1, 2], optical net-
working [3, 4], and quantum photonics [5, 6]. Such de-
vices are typically built using planar meshes of beam
splitters, which are easy to fabricate and to individu-
ally control, as recent demonstrations of large, yet non-
universal, interferometers have shown [7, 8]. While it had
been known for some time that useful operations could
be performed by such meshes [9], the seminal work by
Reck et al [5] demonstrated that a specific triangular
mesh of 2× 2 beam splitters and phase shifters could be
programmed, using a simple analytical method, to imple-
ment any unitary transformation between a set of optical
channels. Continued interest in universal multiport inter-
ferometers for classical and quantum applications has led
to new applications and programming procedures for the
same interferometer design [10, 11]. Recent demonstra-
tions of universal multiport interferometers are based on
this design, and have achieved transformations between
up to six channels [6].
In this paper, we demonstrate a new design for uni-
versal multiport interferometers, based on an alternative
arrangement of beam splitters and phase shifters (figure
1), that outperforms the design by Reck et al (referred
to as the “Reck” design in the following). Our design oc-
cupies half the physical footprint of the Reck design and
is significantly more robust to optical losses. Our finding
is based on a new mathematical decomposition of a uni-
tary matrix. We use this decomposition both to prove
universality of the design and to construct an efficient
algorithm to program interferometers based on it. In the
following, we first provide an overview of both the Reck
design and of our new design, and discuss some advan-
tages of the latter. We then explain the general principles
of our decomposition procedure using a 5 × 5 universal
transformation as an example. Finally, we quantitatively
compare the loss tolerance of our design to that of the
Reck design.
Background
An ideal, lossless multiport interferometer between N
channels performs an optical transformation which can
be described by an N × N unitary scattering matrix U
acting on electric fields as Eout = UEin. Equivalently,
in quantum optics, U describes the transformation of the
annihilation operators of the input modes to those of the
output modes.
Within this framework, the following transformation
between channels m and n (m = n− 1):
Tm,n(θ, φ) =
1 0 0
0 1
eiφ cos θ − sin θ
eiφ sin θ cos θ
1 0
0 0 1


(1)
corresponds to a lossless beam splitter between channels
m and n with reflectivity cos θ (θ ∈ [0, pi/2]), and a phase
shift φ (φ ∈ [0, 2pi]) at input m. In the following, we will
generally omit the explicit dependence of these Tm,n(θ, φ)
matrices on θ and φ for notational simplicity.
Both our scheme and the scheme by Reck et al are
based on analytical methods of decomposing the U ma-
trix into a product of Tm,n matrices. Specifically, these
schemes provide an explicit algorithm for writing any uni-
tary matrix U as:
U = D
 ∏
(m,n)∈S
Tm,n
 (2)
where S defines a specific ordered sequence of two-mode
transformations, and where D is a diagonal matrix with
complex elements with modulus equal to one on the diag-
onal. A physical interferometer composed of beam split-
ters and phase shifters in the configuration defined by S,
ar
X
iv
:1
60
3.
08
78
8v
2 
 [p
hy
sic
s.o
pti
cs
]  
8 F
eb
 20
17
2FIG. 1. A universal N -mode multiport interferometer (shown here for N = 9) can be implemented using a mesh of N(N −1)/2
beam splitters such as a) the one proposed by Reck or b) the one that we demonstrate in this paper. As shown in c), a
line corresponds to an optical mode, and crossings between two modes correspond to a variable beam splitter described by a
Tm,n(θ, φ) matrix, which can be implemented by a Mach-Zehnder interferometer consisting of two 50:50 directional couplers,
preceded by a phase shift at one input port. Although the total number of beam splitters in both interferometers is identical,
our scheme is clearly more compact, and therefore suffers less propagation loss. This compactness stems from the fact that
each mode crosses its nearest neighbor at the first possible occasion, in contrast to the Reck scheme where the top modes
must propagate for some distance before interacting with other modes. Furthermore, the high symmetry inherent to our design
improves the loss tolerance of the interferometer, as we show in the main text.
with values defined by the θ and φ in the Tm,n matri-
ces, will therefore implement transformation U . We note
that D is physically irrelevant for most applications, but
can be implemented in an interferometer nonetheless by
phase shifts on all individual channels at the output of
an interferometer.
The formalism developed here for unitary transforma-
tions describing lossless N×N interferometers can be ex-
tended to include any M ×N linear (non-unitary) trans-
formation. Indeed, it has been noted that any M × N
linear transformation, with for example M ≤ N (resp.
M ≥ N), can be straightforwardly embedded within
a 2N × 2N (resp. 2M × 2M) unitary transformation
[10, 12] to within a scaling factor. Furthermore, realistic,
lossy interferometers can also be included in our formal-
ism simply by rescaling U by a loss factor, as we explain
later. Therefore, our design for universal multiport inter-
ferometers, as well as that by Reck et al, can be used to
implement any linear transformation, to within a scaling
factor, on any number of input and output channels.
Overview of the two designs
Schematic views of the Reck design and of our design
are presented in figure 1. Figure 1a presents the Reck
design, in which the matrix decomposition method deter-
mines a sequence S that corresponds to to a triangular
mesh of beam splitters. Figure 1b presents our design,
in which every mode crosses its nearest neighbor at the
first possible occasion. Our design is more compact and
symmetric than the Reck design. We note that both in-
terferometers use the same, minimal number N(N−1)/2
of beam splitters to implement an N ×N interferometer
[5].
We define the depth of an interferometer to be the
longest path through the interferometer, enumerated by
counting the number of beam splitters traversed by that
path. It is important to minimize the optical depth of
an interferometer because larger interferometers can then
be built within a given area, which is an important con-
straint for fabrication of planar waveguide interferome-
ters. Furthermore, propagation losses are reduced for
an interferometer with smaller depth. It is easy to see
that our design has the minimal possible optical depth,
since every channel crosses its nearest neighbor at the
3first possible occasion. Specifically, for an N × N inter-
ferometer, the Reck design has an optical depth of 2N−3,
whereas our design has an optical depth of N . To illus-
trate this, the longest path through the interferometer
shown in figure 1a follows the edges of the triangle and
crosses 2N − 3 = 15 beam splitters, whereas the longest
paths through the interferometer in figure 1b cross N = 9
beam splitters.
The increased symmetry of our design also leads to
significantly better loss tolerance, and is discussed later.
Decomposition method
In this section, we present an analytical method of cal-
culating the values of the beam splitter elements Tm,n
in our design. Beyond its practical utility in providing
a recipe for programming such interferometers, the exis-
tence of this method serves to prove that our design is
capable of implementing universal interferometric trans-
formations. Our decomposition method relies on two im-
portant properties of the Tm,n matrices. Firstly, for any
given unitary matrix U , there are specific values of θ and
φ that makes any target element in row m or n of matrix
Tm,nU zero, as per Reck et al [5]. We will refer to this
process as nulling that element of U , and will still refer to
the modified matrix after this operation as U . Secondly,
we note that any target element in column n or m of U
can also be nulled by multiplying U from the right by a
T−1m,n matrix.
We have constructed a simple algorithm, illustrated in
figure 2 for the 5 × 5 case, that enables us to synthesize
an interferometer of arbitrary size consisting of concate-
nated 2× 2 beam splitters of the kind given in equation
2. We null elements of U one by one in such a way that
every Tm,n and T
−1
m,n matrix used in the process com-
pletely determines both the reflectivity and phase shift
of one beam splitter and phase shifter. The protocol con-
sists of nulling successive diagonals of U , in such a way
that the sequence of Tm,n and T
−1
m,n matrices used both
corresponds to the desired order of beam splitters in the
interferometer, and guarantees that nulled elements of U
are not affected by subsequent operations. By construc-
tion, every nulled diagonal in the matrix corresponds to
one diagonal line of beam splitters through the interfer-
ometer. By alternating between the left- and right-hand
sides of the interferometer in our design, and thus be-
tween Tm,n and T
−1
m,n matrices, we fulfil the condition
that no nulled element of U is subsequently modified.
At the end of the decomposition process, we obtain the
following expression for a 5× 5 matrix:
T4,5T3,4T2,3T1,2T4,5T3,4UT
−1
1,2 T
−1
3,4 T
−1
2,3 T
−1
1,2 = D (3)
where D is a diagonal matrix as in equation 2. This can
be rewritten as:
U = T−13,4 T
−1
4,5 T
−1
1,2 T
−1
2,3 T
−1
3,4 T
−1
4,5DT1,2T2,3T3,4T1,2 (4)
It is easy to demonstrate that, if D consists of single-
mode phase-shifts, then for any T−1m,n matrix one can find
a matrix D′ of single-mode phases and a matrix Tm,n
such that T−1m,nD = D
′Tm,n. The previous equation can
therefore be rewritten as:
U = D′T3,4T4,5T1,2T2,3T3,4T4,5T1,2T2,3T3,4T1,2 (5)
which, mirroring equation 2, completes our decomposi-
tion.
By construction, equation 5 physically corresponds to
the multiport interferometer shown in figure 2, and the
values of the θ and φ of the Tm,n matrices in this equa-
tion determine the values of the beam splitters and phase
shifts that must be programmed to implement U . This
decomposition principle can be generalised to any N , and
an explicit general algorithm is given in the supplemen-
tary information. We also note that this algorithm can
be used to inform the design of fixed interferometric cir-
cuits, such as those demonstrated in [13, 14], in which the
same arrangement of beam splitters was used to provide
specific instances of random interference.
Loss tolerance
Optical loss is unavoidable in realistic interferometers,
and finding methods to mitigate its effects is an integral
part of any photonic scheme. In the following, we study
the tolerance of multiport interferometers built according
to our decomposition to loss, and compare their perfor-
mance to interferometers built and programmed accord-
ing to the Reck design.
We first distinguish between two types of loss. Bal-
anced loss in a multiport interferometer, in which ev-
ery path through the interferometer experiences the same
loss, preserves the target interference to within an overall
scaling factor. This is generally acceptable for applica-
tions in the classical domain, such as optical switching or
microwave photonics. In the quantum domain, although
loss severely affects scalability of quantum experiments,
post-selection can in some situations be used to recover
the desired interference pattern. We note that propaga-
tion loss in an interferometer is expected to contribute
to balanced loss, since every physical path length in an
interferometer must be matched to within the coherence
length of the input light to maintain high-fidelity inter-
ference. However, propagation loss must therefore be
proportional to the longest path through the interfer-
ometer (i.e. the optical depth), so interferometers built
according to our design will suffer from only about half
4FIG. 2. Illustration of the algorithm for programming a universal multiport interferometer, for a 5 × 5 interferometer. The
left-hand side presents our decomposition procedure, and the right-hand side shows how our decomposition corresponds to
building up the corresponding interferometer. 1) We start with any random unitary matrix U , and a blank interferometer. 2)
We first null the bottom left element of U with a T−11,2 matrix, which causes the first two columns of U to mix. This corresponds
to adding the top-left beam splitter in the interferometer. 3-5) At every step in the algorithm, we null a successive diagonal of
the updated U matrix, by alternating between Tm,n and T
−1
m,n matrices, which corresponds to adding diagonal lines of beam
splitters to the interferometer. Tm,n (resp. T
−1
m,n) matrices of a given color cause the rows (resp. columns) m and n, which are
shown in the same color, to mix, and null the corresponding element of that color in U . It is clear from this process that once a
matrix element has been nulled, no subsequent operation can modify it. 6) After step 5, U is a lower triangular matrix, which
by virtue of its unitarity must be diagonal. As explained in the main text, we can then write U in the way shown here, which
by construction exactly corresponds to the desired interferometer.
the propagation loss of an interferometer built according
to the Reck design.
Unbalanced loss, where different paths through the in-
terferometer experience different loss, can be difficult to
characterize and, critically, can result in a poor fidelity to
the intended operation [15–18]. Unequal losses between
paths in the interferometer are typically caused by beam
splitters, which are unavoidably lossy due to additional
bending losses and scattering. To compare the tolerance
of multiport interferometers to unbalanced loss caused by
beam splitters, we adopt the following procedure. For a
given N , we generate 500 random unitary matrices [19],
5FIG. 3. Left: Average fidelity for an interferometer with a constant loss of 0.2 dB per beam splitter (as in the universal
multiport interferometer in [6]) for interferometers built according to the Reck design (black) and our design (blue), for different
interferometer sizes. Inset: close-up of the fidelity in our design. Right: Fidelity as a function of loss, for interferometers
implementing 20 × 20 transformations. We see from our results that our design is much more loss-tolerant than the Reck
design, and maintains high fidelity with the target unitary even in the case of high loss. This is because mismatched path
lengths in the Reck design causes loss to severely affect the resulting interference.
implement our decomposition, add loss to both outputs
of all the resulting beam splitters, and compare the fi-
delities in the overall transformations. We use a simple
loss model that assumes equal insertion loss for every
beam splitter, and we quantify the fidelity of the trans-
formation implemented by a lossy N × N experimental
interferometer, Uexp, to the intended transformation U
using the following metric:
F (Uexp, U) =
∣∣∣∣∣∣ tr(U
†Uexp)√
Ntr(U†expUexp)
∣∣∣∣∣∣
2
(6)
which corresponds to a standard fidelity measure, nor-
malized so that we do not distinguish between matrices
that differ by only a constant multiplicative factor. This
allows us to focus on unbalanced loss instead of balanced
loss in our simulations.
Figure 3 shows our simulation results, for both a fixed
loss and varying interferometer sizes, and for a fixed in-
terferometer size and varying loss. We conclude that in-
terferometers that implement our design are significantly
more tolerant to unbalanced loss than those implement-
ing the Reck design. This is because, in the Reck design,
different paths through the interferometer go through dif-
ferent numbers of beam splitters, so they all experience
different loss and the resulting interference is degraded.
In our design, the path lengths are better matched, so
equally distributed loss within the interferometer does
not strongly affect the resulting interference. We note
that whereas unbalanced loss can be compensated for in
the Reck design by adding loss to shorter paths, for ex-
ample by adding beam splitters to the shorter paths in
the interferometer as proposed by Miller [11], this is in-
efficient and it is better to start with a fundamentally
loss-resistant interferometer.
Conclusion
In conclusion, we have demonstrated a design for uni-
versal multiport interferometers that outperforms the de-
sign proposed by Reck et al in several respects. Our de-
sign is programmed using a new method for decomposing
unitary matrices into a sequence of beam splitters, is al-
most twice as compact and, significantly, not only suffers
less propagation loss but is more loss-tolerant than the
previous design.
We expect that our compact and loss tolerant design
for fully programmable universal mulitport interferome-
ters will play an important role in the development of
optical processors for both classical and quantum appli-
cations. Furthermore, we anticipate that our matrix de-
composition method will be of use in its own right for
other systems which use mathematical structures anal-
ogous to beam splitters and phase shifters, such as ion
traps [20] and some architectures for superconducting cir-
cuits [21, 22].
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SUPPLEMENTARY INFORMATION
Characterizing a realistic universal multiport interferometer
Programming a universal multiport interferometer using our procedure requires a preliminary full characterization of its beam splitters
and phase shifters. This is a simple procedure, similar in spirit to that proposed by Mower et al [23], and only has to be done once,
provided that there is no long-term drift of the optical properties of the interferometer.
At every step in the process, we choose a path through the interferometer which can be broken by setting a single beam splitter in the
path to full transmission. We then input light into that path, and scan through the reflectivity of that beam splitter while monitoring the
output. This allows us to characterise that beam splitter. We then set it to be fully transmissive, and move on to a different path until
every beam splitter has been characterised and the interferometer implements the identity to within single-mode phase shifts.
Individual phase shifters can then be characterized by creating simple interfering paths through the interferometer, and modulating the
phase shifters in those paths. Every interfering path consists of several phase shifters, but since there are many more possible interfering
paths than phase shifters, the phase shifters can still be individually characterized. We note that the phase shifters at the input of the
interferometer cannot be individually characterised in this way, but these are typically not relevant for most applications.
The preceding protocol assumes that the beam splitters can perfectly implement the identity. This is typically not the case for real
interferometers, where small amounts of light will leak through. However, the approach proposed by Mower et al to overcome this problem
also works for our design. This light can be isolated and removed from the characterisation process by varying the reflectivities of the
beam splitters not along the path being broken, in such a way that the spurious light can be identified in the Fourier transform of the
output signal.
General decomposition procedure
The unitary matrix decomposition procedure presented in the main text can easily be generalised to any N×N unitary matrix. Elements
of Uˆ are consecutively nulled using Tm,n or T
−1
m,n matrices, which physically correspond to beam splitters in the final interferometer, in
the pattern shown in figure 4.
The algorithm that implements the decomposition is the following:
for i from 1 to N − 1
if i is odd
for j = 0 to i− 1
find a T−1i−j,i−j+1 matrix that nulls element (N − j, i− j) of Uˆ
update Uˆ = UˆT−1i−j,i−j+1.
end for
else if i is even
for j = 1 to i
find a TN+j−i−1,N+j−i matrix that nulls element (N + j − i, j) of Uˆ
update Uˆ = TN+j−i−1,N+j−iUˆ
end for
end if
end for
After this decomposition procedure, we obtain the following expression: ∏
(m,n)∈SL
Tm,n
 Uˆ
 ∏
(m,n)∈SR
T−1m,n
 = D
where D is a diagonal matrix corresponding to single-mode phases, and SL and SR are the respective orderings of the (m,n) indices for
the Tm,n or T
−1
m,n matrices yielded by our decomposition. This can be rewritten as:
Uˆ =
 ∏
(m,n)∈ST
L
T−1m,n
D
 ∏
(m,n)∈ST
R
Tm,n

8FIG. 4. Illustration of the order in which matrix elements of a unitary matrix Uˆ are nulled. The first element to be nulled is
at the bottom left of the matrix. The following elements are then nulled in consecutive diagonals. A black element located in
column i is nulled with a T−1i,i+1 matrix, and a blue element located in row i is nulled with a Ti−1,i matrix.
We can then find a matrix D′ and Tm,n matrices such that the previous equation can be re-written as:
Uˆ = D′
 ∏
(m,n)∈S
Tm,n

where S is, by construction, the order of beam splitters corresponding to the desired circuit. This completes our decomposition.
Error
In a realistic interferometer, there will always be some finite error when setting the values for the phases, even after the characterisation
procedure described above. Furthermore, imperfections in the beam splitters will always make it difficult to reach perfect transmission or
reflection, although we do note that concatenating imperfect beam splitters to create one perfect beam splitter [11, 24, 25] overcomes this
problem, at the cost of adding beam splitters. These errors will affect the circuit fidelity in both our design and in the Reck design.
However, the overall error in the interferometer caused by these individual errors depends on the total number of beam splitters, and
the layout of the interferometer only affects how that error is distributed among the output ports. Therefore, the average error is roughly
equal in the Reck design and in our design, although it is more evenly distributed along the output modes in our design.
